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Examples of complex networks:

® |Internet

e (Citation networks

® Transport networks

® Protein interaction networks
® Food webs

® Social networks, e.g. collaboration networks, friendship
networks...

The friendship network from Zachary's
karate club study

M. Girvan and M. E. . Newman, PNAS | June I1,2002 | vol. 99 7821
W.W. Zachary (1977) ). Anthropol. Res. 33,452-473




Local properties

node degree: numbers of links
arriving at one node
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Local properties

clustering coefficient: number of triangles

local correlations: assortativity...

High-degree vertices prefer to attach other
high-degree vertices (social networks)
High-degree vertices prefer to attach low-
degree vertices (technological networks)
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network n T

physics coauthorship® 52909 0.363
z biology coauthorship® 1520251 0.127
5 | mathematics coauthorship® 253 339 0.120
% film actor collaborations® 449913 0.208
= | company directors® 7673 0.276
:: Internet® 10697 —0.189
‘§ World-Wide Web* 269 504 —0.065
— | protein interactions® 2115 —0.156
& | neural network” 307 —0.163

food web' 92 —0.276
= | random graph" 0
< | Callaway et al.” 5/(1+ 24)
g | Barabési and Albert" 0



Global properties

distance: length of the
shortest path between
nodes

small-world behaviour
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BA model: C=0, r=0, I=log(log(N))
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retwork type i i = i e | O o r | Refis).
flm actors undirected 449913 25516 482 113.43 348 23 | 020 0.7T8 208 | 20, 416
cottipany directors undirectsed THTI LE 3oz 14.44 4.60 0.549 0.8 (L2765 NG, 323
math coauthorship undirectsed 2533358 486 458 .42 T.57 .15 0.3 (.120 1ov, 182
plysics coauthorship undirectad Lh2G0A 245 300 G927 G.19 (.45 056 .aGs | 3LL 313

2 | biclogy coauthorship | undirected 1520251 11 8073 D 15.53 4.52 (h.0as 0.G60 0.127 | 3LL, 313

ﬁ telephone call graplh undirected A7 000 OO0 B0000 (0 A.16 2.1 8.4
email messages directed hoGl2 B 300 144 4.95 1.5/2.0 016G 136
arrail addreess books directed 1GREL LT 024 .34 h.x2 017 013 (.092 a2l
student relationships | undirected 5T3 47T 166 LG.01 0% | 000l —[.024 45
sexual contacts | undirected 281D 3.2 | | 265, 266

= | WWW nd. edu directed 260 504 1487 135 545 127 | 21724 | Ou1d 0.29 —0.067 14, 34

2 | WWW Altavista direrted 203548046 | 2 130000 (00 1046 1618 | 21727 T

E cltation network directed TRIARD GTLG 198 a.a7 any anl

-E Roget's Thesaurus directed 1022 G103 4.94 4.87 .13 015 0157 244

- wobkd co-ocTurTence undirected AG0 902 17 000 (0 113 ar 044 118, 157
Internst undirectad LoGar 315402 554 3.3l 25 | 0L 0 030 —(L18S B, 148

= | power grid undirected 4841 G 594 26T 18.99 .10 0.080 —.0o03 4LG

'r;:n LrIn Foutes undirectad LET 19603 6. TS 2.16 0.649 —(L033 a66

S | software packages directed 1439 1723 L2 2.42 16714 | 0070 | D082 —0.016 | 318

E software classos directed L3TT 2213 L6l 1.51 0.033 0.0L2 —.119 | 3495
electronic circuits undirected 24 087 H3 248 4.34 L1.05 a0 | 00l o 0.030 —.154 155
peer-to-peer network | undirected AR L 206 14T 1.28 21 0.012 | D.011 —0.366 | 6, 354
metabolic netwaork undirected TGS 3686 5.6 258 2.2 .50 0.G7 —[1.240 214

E protein interactions undirected 2115 2240 2.12 6.8 24 | DOT2 0.071 —(.156 | 212

_E': maring food web direrted L6 LOR 4.43 2.05 016 0.23 —.263 2M

'_E freshwater food web directed az Qa7 10,84 1.8 .20 0.087 —I1.326 272
neural network directed anv 2358 T.64 a.ar 014 0.28 —1L.226 416, 421



Questions

® How do these networks evolve and structure themselves?

Copying mechanisms, redirecting mechanisms, ageing...

® How do the properties of the nodes evolve on such
complex topologies!?

Majority and Unanimity models, role of communities...










“All-or-none” model

At each time step, a new node

randomly connects to a target L} F——E
node. With probability p, all
the neighbours of the target B

node are linked; otherwise,
none is linked.

With P. Krapivsky
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By construction, starting from | root node, the system grows (N+1/
nodes after N steps) and behaves like:
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The oversimplified model reproduces all the
characteristics of social models

The degree distribution satisfies the non-trivial set of equations:

ANy _ Ny = Ni (k= 1)Ni_y — kN

IN = N b ]]\\f[ + M
k—1
mi = (1 —p)ox1+Dp
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The oversimplified model reproduces all the
characteristics of social models

Distance distribution in the “all-or-none” version of the model

2(1 —p)
N

P(d,N +1) = [1 + %’] P(d,N) + P(d—1,N)

d~2(1—p)InN

while the fluctuations are gaussian and asymptotically vanish.
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The oversimplified model reproduces all the
characteristics of social models

Non-vanishing clustering coefficient C =3p/(1+2p)
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The oversimplified model reproduces all the
characteristics of social models

Positive assortativity
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p(9 — 14p + 11p?)

2+ p—5p?+ 2p3
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Majority model: role of communities

In a network composed of N persons, 3 people meet at
each time step and adapt the opinion of the majority. ! No
randomness, except in the selection of the three nodes.
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A simple model but lengthy calculations...

. 9 1 . 2
Apir1 — Ao = paoo(adbo — agh]) + szm[unmbn — apbyby) + giﬂmnﬁﬂ%bﬁ — aph?) + Ei'i':zm{unﬂﬂbn — apbgba)
1 1
+ Eplﬁz[ﬂgbﬂ - ﬂnb%} T gplll{ﬂlﬂ-ﬁbﬂ - ﬂ:}blbﬁj

. 2 1 . 1
Arp41 — Al;i = Pﬂfﬁl’](ﬂ%bl — Elbfj T _Plﬁﬂ'[ﬂ-nﬂlbl - ﬂlb{]bl} T —Fﬂlﬂ(ﬂgh - ﬂ'lbﬁj T _Plll{ﬂ-ﬂﬂﬂbl - ﬂlbﬂb‘.'!]

3 f . 1

A1 — Aoy pooa(adbs — agbl) + EPI(JE[U-[‘JH‘.E'E-':E — aghpba) + Eﬁm[ﬂﬁbz — abi) + §P111{unﬂ1bz — agbpby)
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Bifurcation

Simulations ——

Asymmetric state ---------
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Majority model: role of the degree distribution

At each time step, one node is selected. Two processes:
i) With probability q, random change
ii) Else, 2 people around him reach local majority




Dichotomous networks

There are two kinds of nodes, each kind i being
characterised by a degree k;
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from which one finds that the symmetric solution a = 1/2

Order-disorder  ceases to be stable when |qg < 3/5| and that the system
transition reaches the following asymmetric solutions in that case
1 3 —9¢q 1 3 — 9q
=73 \/12(1—q)’ T +\/12(1—q)' (5)
qg 4qa (1—gq) 2 2
Argp1 — Ay = = —22 3(a2b, — a1b
15641 1;t A 5 + 2(1+&)2[ (aib1 — a1b7)
+ 2(1 + 2&5)(1‘12{112)1 — {Ilbgbl)
+ (2& + L’EZ)({I%E);L — ﬂlb%)]
q qaz (1—q) 2/ 2 2
Ag g1 — Aoy = - — — 3 by — asb
2it+41 2:t A 9 + 2(1_|_&)2[ a”(a3zbs — azb3)
+  2(2a+ o®)(a1azby — azbiby)
+ (1 +2a)(aibs — azb?)), (11)
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Degree diversity displaces the location
of the transition
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Degree diversity implies a non-

equipartition of the opinion between

species
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Summary

e Simple model for social networks that reproduces
qualitatively many empirical features

® Information networks: ageing and redirection may lead
to qualitative changes in the structure

® Role of communities: co-existing communities
® Role of the degree: non-equipartition of opinion

® Unanimity model:“critical mass”
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