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¥Introduction

¥Ehrenfest urn model & thermodynamic-like behaviour

¥Hysteresis, metastability in the asymmetric urn model

¥Binary mixtures: segregation & oscillations 

Overview



Due to the inelasticity of their interactions, granular media are 
characterized by a coupling between their energy and their density:

! T(r ; t)
! t

! n(r ; t) T
3
2 (r ; t)

which is responsible for: 

Natural tendency to aggregate,
which may lead to clustering

Anomalous transport: emergence
of anomalous transport relations 

JT = ! ! " rT(r ; t) ! # " rn(r ; t)
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A very simple experiment allows to visualize this 
coupling: the so-called Maxwell Demon experiment
for granular media (Schlichting et al.)

The Demon was introduced by 
Maxwell in order to show the 
statistical character of the second 
law of thermodynamics

In the case of granular media, no 
need for a supernatural being: the 
system gets asymmetric by itself 



Different theoretical approaches, and generalizations of the 
original experiment:

* effusive approach (Eggers)
* hydrodynamic approach in a system without gravity (Brey et 
al.)
* multi-compartments (Van Der Weele et al.) 
* grain mixtures (Trizac and Barrat)
* Ehrenfest urn models <=> ßuctuations, characteristic times 
(Lipowski et al.)

Eggers:

f (pi ) =
!

Bpi e
! B p2

i

Fi = F (pi ) = pi f (pi )

=> ∂t p1 = −p1f (p1) + (1− p1)f (1− p1)



This simple model reproduces qualitatively and quantitatively  the 
main features of the transition between the symmetric and the 

asymmetric phase.

Moreover, it has been generalized successfully to multi-compartment systems:

However, the choice for f(p) is not critical in order to reproduce 
qualitatively the features of the bifurcation. The main requirement is that f

(p) is a decreasing function for large p

! tp1 = ! 2p1f (p1) + p2f (p2) + p3f (p3)
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Eggers approach: no ßuctuations

Lipowski et al. proposed a stochastic urn model, mixing 
the properties of the Eggers dynamics, and that of the 

Ehrenfest urn model

Original Ehrenfest urn model Granular urn model
=> thermodynamic-like formalism 

for the phase transition
=> Boltzmann approach to irreversibility:
micro-reversibility vs macro-irreversibility 

2R balls in two urns:

* pick a ball at random
* the ball changes urn

2R balls in two urns:

* pick a ball at random
* with probability f(N), the 
ball changes urn, otherwise 
nothing happens.   



urn phase space urn phase space

Microscopic time reversibility Microscopic time irreversibility

Original Ehrenfest urn model Granular urn model

x = (x1, .., xj , .., x2R ) x = (x1, .., xj , .., x2R )

1: urn 1
0: urn 2

1: urn 1
0: urn 2

(0, 0, .., 0)

(1, 0, .., 0)

(0, 0, .., 0)

(1, 0, .., 0)

1
2R

1
2R

f (1)
2R

f (2R)
2R

! (x) =
1

2R

where: ∆(x) = N1(x) − R

! (x) =
1
Z

!( x) ! 1∏

! = ! R

f (R − " )
f (R + " + 1))



The probability in phase space         , and the probability         of observing a proportion
are therefore: 

p =
N1

2R

In the following, we use a simpler expression for the escape probability:

f (N1) = e−A N1
2R

! (x)

P(p) =
1
Z

e! 2R [p ln (p)+ (1 ! p) ln (1 ! p)+ A p(1 ! p)]

! (x) =
1
Z

e! 2R[A p(x )(1! p(x ))]

P (p) =
1
Z

e! 2R [p ln (p)+ (1 ! p) ln (1 ! p)]

P (p)

! (x) =
1

2R

We plot               and               : 
ln ρ(x)

2R

ln P(p)
2R
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The Demon discriminates the phase space:
the phase transition is a typical order-disorder transition:
entropy  (disorder phase) <=>  energy (order phase)
The system is equivalent to a equilibrium system, in the canonical ensemble, given 
the association:

! ! A

H (x) ↔ 2R p1(x)(1− p1(x))

Thermodynamic formalism applies: partition function, free energy, average energy <H>...
Second order transition at the critical point A=2:  <H> continuous at the transition
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Equilibrium phase transition methods apply to this model. 
Recently, Bena et al. veriÞed that the Yang-Lee zero theory is valid:
the zeros of the partition function in the complex plane of A accumulate
to the real axis in the thermodynamic limit 

Success of the method in a non-equilibrium system! 

2R → ∞
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The previous methods also apply to the three-compartment Demon experiment, 
where one shows that by similar methods:

Hysteretic behaviour, associated with a Þrst order phase transition
The life-time of the metastable states is correctly predicted by equilibrium theory
Applicability of the Yang-Lee theory of zeros

! (x) =
1
Z

e! βH(x) ! ! A

H (x) ! 3R (p1 + p2 " (p2
1 + p2

2 + p1p2))
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The analogy with an equilibrium phase transition can be enhanced by studying the 
coupling of the system with an anisotropic Þeld.
=> ferromagnetic-like behaviour, characterized by hysteresis and a strong metastability. 
In the previous models, the energy is injected in the same way in each compartment => 
the system is symmetric under the change 

By heating differently each box, this symmetry is broken: a different escape 
probability for each compartment:

Asymmetric Demon experiment

p ! (1 " p)

T12(N1) = e−
AN 1
2R T21(N1) = e−

B (2R −N 1)
2R

ρ(x) =
1
Z

e−! (H (x )+E (x ))

H (x) ↔ 2R p1(x)(1− p1(x))

! ↔ A + B
2

1 ! ε =
2B

A + B

We derive the following canonical distribution: 

E(x) = ! 2R εp(x)
The original hamiltonian:

Coupling with the asymmetric Þeld
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Behaviour similar to that of 
ferromagnetic crystal

Curie temperature T=1/2

Asymmetric Þeld <=> external magnetic Þeld
        <=> magnetization

                    <=> spontaneous magnetization
p ! 1/2

p ! 1/2|h=0



When the escape ßux is that of Eggers, the Curie point is located at 
B=1. Metastability, hysteresis... There are two coefÞcients: 

The bifurcation diagram and system evolution are:
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B=0.8, epsilon=0.1

B1 = B (1 + ! ) B2 = B (1 − ! )fi (pi ) =
!

Bi pi e
! B i p2

i



What is next?

Preliminary results have shown that the hysteretic 
behaviour of the asymmetric Demon experiment is 
observable in event-driven simulations of the system

Experimental realization?? 
* different vibration frequency 
in each compartment
* different height in each 
compartment



Segregation & oscillations

* different species <=> different dissipation rates (inelasticity parameters, masses, 
diameters... )

* vertical segregation phenomenon effects, such as Brazil nut effect <=> larger particles 
may be driven to the top

*Event-driven simulations show that the coupling of the horizontal Demon instability 
with vertical segregation leads to a richer phenomenology

Oscillations with time delay Horizontal segregation



(a) (b)

(c) (d)



Qualitative model, which tries to relevant phenomena, 
based upon the Eggers theory:

∂n

∂t
= −nF (n,m)(1 − sL ) + (1 − n)F (1 − n, 1 − m)(1 − sR )

! m
! t

= ! mF (n, m)(1 + sL) + (1 ! m)F (1 ! n, 1 ! m)(1 + sR)

∂sL

∂t
= ! λ(nm ! sL)

! sR

! t
= −" ((1− n)(1− m) − sR)

F (n, m) = e−A (n 2 + R m 2 )


