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Examples of complex networks:

• Internet

• Transport networks

• Protein interaction networks

• Food webs

• Social networks, e.g. collaboration networks, citation 
networks, friendship networks...

Chains of Affection: The Structure of Adolescent 
Romantic and Sexual Networks: Peter S. 
Bearman, James Moody and Katherine Stovel 



Hype of social networking

flicker, myspace, 
audioscrobbler, ...



New marketing/sales strategies 

Importance of the buzz of a product: discussions
between bloggers, chatters...  A modern “Bouche à oreille”

The huge amount of online databases helps to “measure” and 
predict the behaviour of users



ModelingVisualisationData
Large databases 
available online, 
e.g. 
collaboration 
networks (ISI 
Web Of 
Knowledge, 
Arxiv), online 
communities 
(mySpace, 
musicmobs), mail 
networks, blog 
networks....

Visualise 
networks 
composed of 
thousands of 
links, with/
without 
dynamical 
features

Small World 
model, Barabasi-
Albert like 
models
...

CREEN (Critical Events in Evolving Networks)



Global propertiesLocal properties

node degree: numbers of links 
arriving at one node

in(out) degree: number of 
ingoing (outgoing) links for 
one node (directed 
networks)

clustering coefficient: number 
of triangles

local correlations: assortativity...

percolation: formation of 
gigantic islands

distance: shortest path 
between nodes

time evolution of the total 
number of links, nodes...

large scale structures, 
communities...



Barabasi-like networks

Many social systems exhibit what is called 
cumulated advantage, preferential attachment...

multiplicative process

small probability

large probability



This model accounts for the importance of the 
degree of the nodes...

... and reproduces quite well the emergence of 
power-law degree distributions
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This model accounts for the importance of the 
degree of the nodes...

... but it is a “mean-field” model where the localization 
of the nodes is not taken in account (taste, kind, 
genre...)



This model accounts for the importance of the 
degree of the nodes...

... and does not reproduces the structuring of the 
network (clustering coefficient, communities...)

Network of music groups



Coupled networks 
One possibility is to attribute “tags” to the nodes and model the 
system by coupled networks
Alike nodes have a tendency to link, while different nodes have a 
bigger probability to avoid each others

E.g. At each time step, a new node enters the system. With probability w, it 
relates to one existing node chosen with preferential attachment, and receives 
the kind of his parent node. With probability (1-w), a pair of nodes of any kinds 
is chosen with PA. 



It is very difficult to characterise human beings by a small number 
of variables or tags, and the access to these characteristics is 
practically very difficult in most of the cases. 

To avoid the use of these uncertain hidden-like variables for the 
nodes, is it possible to use the localisation in the network itself 
as the central role for the node evolution?

But...

The method is easy to implement, analytically and theoretically



Is it possible to measure this importance of 
locality in real social networks?

A listing of all articles published in 
PRL, together with their references 
has been downloaded [1996,2005].

We built the citation network of 
these ~ 32000 articles

When a new article cites k=2,3,... 
articles, what are the distances 
between these k old articles



Distance between cited articles

 0.01

 0.1

 1

 10

 100

 1000

 10000

 0  5  10  15  20

H
(d

)

distance

Measurement in 
collaboration 
networks, mail 
networks, GSM 
networks...



Models with local mechanisms:
beyond the mean-field approach
Simplest interaction possible: you copy what you friend
is doing. E.g. listen to the same music, have the same 
friends, cite articles in the same scientific field...

In the Ising model, 
spins of neighbours 
have a tendency to 
align.
Similar model for 
the network 
structure?



Undirected network with copying processes

At each time step, a new node randomly connects to a target 
node. With probability p, it also connects to the neighbours of 
the target node.

.........P = p(1 − p)2 P = p3

For instance, the target node already has 3 neighbours:



By construction, starting from 1 root node, the system grows (N+1 
nodes after N steps) and behaves like:

What are its properties 
when                   ?p ∈]0, 1[

Purely random
network when p=0

Fully connected
network when p=1



The system exhibits transitions for different characteristics.
For instance, the total number of links behaves like:

The degree distribution satisfies the non-trivial set of equations:

dNk

dN
=

Nk−1 − Nk

N
+ p

(k − 1)Nk−1 − kNk

N
+ mk

mk =
∑

s≥k−1

ns

(

s

k − 1

)

pk−1(1 − p)s−k+1

nk ∼ k
−γ

as k " 1

γ = 1 + p
−1

− p
γ−2

When              , the asymptotic 
solution is stationnary:

p < 1/2

Sparse phase

Dense phase
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The network structure has been studied by looking at the average 
number of complete sub-graphs in the network

p = 0 p = 0.2 p = 0.4 p = 1.0

L(N) = (1 − 2p)−1N L(N) = A(p)N2pSparse phase Dense phase

p = 0.6 p = 0.8

T (N) ∼ L(N) T (N) ∼ L(N)
3p

2

2p

Q(N) ∼ T (N) Q(N) ∼ T (N)
4p

3

3p2

... with transitions at pC = 1 −

1

m
Mm ∼ Mm−1



Distance distribution in the “all-or-none” version of the model: with 
probability p, all the neighbours of the target node are linked; 
otherwise, none is linked.

P (d, N + 1) =

[

1 +
2p

N

]

P (d, N) +
2(1 − p)

N
P (d − 1, N)

From which the distance moments can be found.
The average distance asymptotically behaves like:

d ∼ 2(1 − p) lnN

while the fluctuations are gaussian and asymptotically vanish.



Interactions at larger distances

p1

p2 pi....     ....



Perspectives

• New results on the distance statistics in the 
network: application to random recursive trees

• Generalization to longer distance interactions

• Model with redirection: condensates

• Comparison with empirical data: citation 
networks, friendship networks

• ...



Visualizing network dynamics
A good visualizing tool should agregate nodes which are linked, and 
separate nodes that are not linked.
Similarities with physical system: 
node ~ atoms
links ~ attractive forces, no links ~ repulsive forces

2 kinds of simulations

Looking for the minima of 
some energy 

Solve the equation of 
motion of the atoms



Contrary to classical systems, the interactions between 
nodes may evolve in time, if links evolve!

Static visualization 
using Visone



Application to a model with redirection, with fixed 
number of nodes and links.

p (1 − p)go to the “grand-father” connects to a node
 chosen randomly

small p, random structures high p, condensation around 1 node


