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Examples of complex networks:

• Internet

• Transport networks

• Protein interaction networks

• Food webs

• Social networks, e.g. collaboration networks, citation 
networks, friendship networks...

Chains of Affection: The Structure of Adolescent 
Romantic and Sexual Networks: Peter S. 
Bearman, James Moody and Katherine Stovel 



Local properties

node degree: numbers of links 
arriving at one node

in(out) degree: number of 
ingoing (outgoing) links for 
one node (directed 
networks)
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Theoretical prediction

Degree distribution

the degree distribution is 
known to behave like power-
laws in many situations, 
usually with an exponential 
cut-off



Local properties

clustering coefficient: number of triangles

local correlations: assortativity...

High-degree vertices prefer to attach other 
high-degree vertices (social networks)
High-degree vertices prefer to attach low-
degree vertices (technological networks)



Global properties

distance: length of the 
shortest path between 
nodes
small-world behaviour

d ∼ lnN



Hype of social networking

flicker, myspace, 
audioscrobbler, ...



New marketing/sales strategies 

Importance of the buzz of a product: discussions
between bloggers, chatters...  

The huge amount of online databases helps to “measure” and 
predict the behaviour of users



CREEN

Critical Events in Evolving Networks
(www.creen.org)



17/01/2006

Fondation Universitaire, 
Rue d!Egmont, 4
1050 Ixelles

Critical Events in Evolving Networks
This workshop aims at an inter-disciplinary audience, interested in 

the various ways to apprehend social networks: gathering and 

treatment of empirical data (especially from blogs and RSS feeds), 

visualization of network structures, conceptualization and network 

modeling by using statistical physics methods. 

Program 

09.15-09.45: Presentation

09.45-10.30: J. Holyst, Competing social groups in social networks

10.30-11.15: R. Lambiotte, Modeling growing social networks 

11.15-12.00: V. Eguiluz, Epidemic threshold in structured scale-free 
networks

13.30-14.15: M. Thelwall, Impact factors of scientist’s personal pages

14.15-15.00: R. Rousseau, Lorenz curves determine partial or-
ders for inequality and similarity measurements

15.00-15.45: D. Wagner: Visone: Visualizing dynamic networks

15:45-16.30: U. Brandes: Network analysis: Methodological founda-
tions

16.45-17.30: J. van Ginneken, Hidden persuaders

17.30-18.15: I. Hellsten & A. Scharnhorst, Self-citations, co-
authorships and keywords: : A new approach to scientists' field mobil-
ity?

contact: R. Lambiotte, B5, Universit! de Li"ge, B-4000 LIEGE, Belgique
E#mail: renaud.lambiotte@ulg.ac.be   Tel: +32 4 366 3660
Info: http://www.creen.org



Wolverhampton

Gathering of blog data: hyperlinks, content...
(e.g. blogpulse) 



Wolverhampton

Relaxation after a shock?
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Karlsruhe
Visone: static and dynamic visualization of networks



Amsterdam
Collaboration networks: extraction of information from the 
network structure



Liège+Warsaw

Modeling of processes taking place on the network: virus spreading



Liège+Warsaw

Modeling of processes how the network evolve (grow):
directed networks (trees)                    undirected networks

1

0

2

3

4

56

7

8

910

11

1213

14

15

16

17

18

19

20



Barabasi-like networks

Many social systems exhibit what is called 
cumulated advantage, preferential attachment...

multiplicative process

small probability

large probability



This model accounts for the importance of the 
degree of the nodes...

... and reproduces quite well the emergence of 
power-law degree distributions
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This model accounts for the importance of the 
degree of the nodes...

... but it is a “mean-field” model where the localization 
of the nodes is not taken in account (taste, kind, 
genre...)



This model accounts for the importance of the 
degree of the nodes...

... and does not reproduces the structuring of the 
network (clustering coefficient, communities...)

Network of music groups



BA model: C=0, r=0, l=log(log(N))



Models with local mechanisms:
beyond the mean-field approach
Simplest interaction possible: imitation.
You copy what you friend is doing. 
E.g. listen to the same music, have the same friends, 
cite articles in the same scientific field...

In the Ising model, 
spins of neighbours 
have a tendency to 
align.
Similar model for 
the network 
structure?







Undirected network with copying processes

At each time step, a new node randomly connects to a target 
node. With probability p, it also connects to the neighbours of 
the target node.

.........P = p(1 − p)2 P = p3

For instance, the target node already has 3 neighbours:



By construction, starting from 1 root node, the system grows (N+1 
nodes after N steps) and behaves like:

What are its properties 
when                   ?p ∈]0, 1[

Purely random
network when p=0

Fully connected
network when p=1



The system exhibits transitions for different characteristics.
For instance, the total number of links behaves like:

The degree distribution satisfies the non-trivial set of equations:

dNk

dN
=

Nk−1 − Nk

N
+ p

(k − 1)Nk−1 − kNk

N
+ mk

mk =
∑

s≥k−1

ns

(

s

k − 1

)

pk−1(1 − p)s−k+1

nk ∼ k
−γ

as k " 1

γ = 1 + p
−1

− p
γ−2

When              , the asymptotic 
solution is stationnary:

p < 1/2

Sparse phase

Dense phase
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Theoretical prediction

p < 1/2
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Asymptotic stationary solution
Asymptotic non-stationary 
self-similar solution



The network structure has been studied by looking at the average 
number of complete sub-graphs in the network

p = 0 p = 0.2 p = 0.4 p = 1.0

L(N) = (1 − 2p)−1N L(N) = A(p)N2pSparse phase Dense phase

p = 0.6 p = 0.8

T (N) ∼ L(N) T (N) ∼ L(N)
3p

2

2p

Q(N) ∼ T (N) Q(N) ∼ T (N)
4p

3

3p2

... with transitions at pC = 1 −

1

m
Mm ∼ Mm−1



Simplified “all-or-none” model

With probability p, all the 
neighbours of the target node 
are linked; otherwise, none is 
linked.



Distance distribution in the “all-or-none” version of the model

P (d, N + 1) =

[

1 +
2p

N

]

P (d, N) +
2(1 − p)

N
P (d − 1, N)

From which the distance moments can be found.
The average distance asymptotically behaves like:

d ∼ 2(1 − p) lnN

while the fluctuations are gaussian and asymptotically vanish.



The oversimplified model reproduces all the 
characteristics of social models

Positive assortativity

Power-law degree distribution

Non-vanishing clustering coefficient

Small-world behaviour

nk = Y
Γ(k + 1 + 1/p)

Γ(k + 1 + 2/p)

C = 3p/(1 + 2p)

r =
p(9 − 14p + 11p

2)

2 + p − 5p2 + 2p3

d ∼ 2(1 − p) lnN



Application to a model with redirection, with fixed 
number of nodes and links.

p (1 − p)go to the “grand-father” connects to a node
 chosen randomly

small p, random structures high p, condensation around 1 node


